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In this paper, we extend the study on the nonlinear power-law Maxwell field to dilaton gravity.
We introduce the (n+1)-dimensional action in which gravity is coupled to a dilaton and power-law
nonlinear Maxwell field, and obtain the field equations by varying the action. We construct a new
class of higher dimensional topological black hole solutions of Einstein-dilaton theory coupled to
a power-law nonlinear Maxwell field and investigate the effects of the nonlinearity of the Maxwell
source as well as the dilaton field on the properties of the spacetime. Interestingly enough, we find
that the solutions exist provided one assumes three Liouville-type potentials for the dilaton field,
and in case of the Maxwell field one of the Liouville potential vanishes. After studying the physical
properties of the solutions, we compute the mass, charge, electric potential and temperature of the
topological dilaton black holes. We also study thermodynamics and thermal stability of the solutions
and disclose the effects of the dilaton field and the power-law Maxwell field on the thermodynamics
of these black holes. Finally, we comment on the dynamical stability of the obtained solutions in
four-dimensions.
PACS numbers: 04.70.Bw, 04.30.-w, 04.70.Dy
I. INTRODUCTION
At the present epoch, the Universe expands with accel-
eration instead of deceleration along the scheme of stan-
dard Friedmann model [1]. This fact created much more
interest in the alternative theories of gravity in recent
years. One of the alternative theories of gravity is dilatn
gravity which can be thought as the low energy limit of
string theory. Indeed, in the low energy limit of string
theory, one recovers Einstein gravity along with a scalar
dilaton field which is nonminimally coupled to the grav-
ity and other fields such as gauge fields [2]. The action
of dilaton gravity also contains one or more Liouville-
type potentials, which can be resulted by the breaking of
spacetime supersymmetry in ten dimensions.
Many attempts have been made to construct exact so-
lutions of Einstein-Maxwell-dilaton (EMd) gravity in the
literature. For instance, exact asymptotically flat solu-
tions of EMd gravity with no dilaton potential have been
constructed in Refs. [3–6]. But, the asymptotic behav-
ior of the solutions of dilaton gravity with potential may
be neither flat nor (anti)-de Sitter [(A)dS]. These kind of
solutions which are neither asymptotically flat nor (A)dS
are interesting from different points of view. First, it is
speculated that the linear dilaton spacetimes which ap-
pear as near-horizon limits of the dilatonic black holes
may show holography that can be considered as an in-
dication of the possible extensions of AdS/CFT corre-
spondence [7]. Second, the range of validity of meth-
ods and tools originally developed for, and tested in the
case of, asymptotically flat or asymptotically AdS black
holes may be extended using such solutions. Third, in
addition to black holes with spherical horizon, there ex-
ist black hole solutions with toroidal or hyperbolic event
horizons, as in the case of asymptotically AdS solu-
tions. Having different topologies for the horizon gives
rise to different properties for the black holes with drasti-
cally different black holes thermodynamics. For instance,
it was argued that Schwarzschild-AdS black holes with
toroidal or hyperbolic horizons are thermally stable and
the Hawking-Page phase transition [8] does not occur [9],
while Schwarzschild black holes with spherical horizon
are not stable. The topological black holes are studied
extensively in many aspects [10–19]. Many authors have
been explored asymptotically non-flat or non-(A)dS black
hole solutions [5, 6, 10, 20–32]. Static charged black hole
solutions in the presence of Liouville-type potential, with
positive [20], zero or negative constant curvature horizons
[21] have been discovered and properties of these solu-
tions which are not asymptotically (A)dS have been stud-
ied [22]. Also, thermodynamics of (n + 1)-dimensional
dilaton black holes with unusual asymptotics have been
studied [33, 34].
Here, we turn the investigations on the dilaton grav-
ity to includes the power-law Maxwell field term in the
action. This is motivated by the fact that, as in the
case of scalar field which has been shown that particu-
lar power of the massless Klein-Gordon Lagrangian shows
conformal invariance in arbitrary dimension [35], one can
have a conformally electrodynamic Lagrangian in higher
dimensions. Although Maxwell Lagrangian loses its con-
formally invariant property in higher dimensions, the La-
grangian [− exp(−4αΦ/(n−1))FµνFµν ](n+1)/4 is confor-
mally invariant in (n + 1) dimensions. That is, this La-
grangian is invariant under the conformal transformation
gµν → Ω2gµν and Aµ → Aµ. The studies on the black ob-
ject solutions coupled to a conformally invariant Maxwell
field were carried out in [36, 37].
The motivation of studying solutions of Einstein grav-
ity with arbitrary dimensions is based on the string the-
ory which predicts spacetime to have more than four di-
mensions. Although it was a thought for a while that the
2extra spacial dimensions are of the order of Planck scale,
recent theories suggest that if we live on a 3-dimensional
brane in a higher dimensional bulk it is possible to have
the extra dimensions relatively large and still unobserv-
able [38, 39]. All gravitational objects including black
holes are higher dimensional in such a scenario. Higher
dimensional Ricci flat rotating black branes with a con-
formally invariant power-Maxwell source in the absence
of a dilaton field have been investigated in [40]. Thermo-
dynamics of higher dimensional topological dilaton black
holes with linear Maxwell source have been explored in
[10].
In this paper, we would like to construct a new class
of (n + 1)-dimensional topological black holes of dila-
ton gravity in the presence of power-law Maxwell field
[− exp(−4αΦ/(n− 1))FµνFµν ]p, where we relax the con-
formally invariant issue for generality. Of course, the so-
lution exists for the case of conformally invariant source
p = (n + 1)/4. We find that the solution exists pro-
vided one assumes three Liouville-type potentials. The
interesting point is that one of the Liouville potentials
vanish for the case of Maxwell field (p = 1). We shall
investigate the thermal stability of the black holes and
explore the effects of nonlinearity of Maxwell field on the
thermodynamics of these black holes.
This paper is structured as follows. In Sec. II, we
introduce the action of Einstein-dilaton gravity coupled
to power-law Maxwell field, and by varying the action
we obtain the field equations. Then, we construct the
exact topological black hole solutions of this theory and
investigate their properties. In Sec. III, we obtain the
conserved and thermodynamic quantities of the solutions
and verify the validity of the first law of black hole ther-
modynamics. In Sec. IV, we study thermal stability of
the solutions in both canonical and grand canonical en-
sembles. The last section is devoted to conclusions and
discussions.
II. FIELD EQUATIONS AND SOLUTIONS
The action of (n + 1)-dimensional (n ≥ 3) Einstein-
power Maxwell-dilaton gravity can be written as
S =
1
16π
∫
dn+1x
√−g
{
R− 4
n− 1(∇Φ)
2
−V (Φ) +
(
−e−4αΦ/(n−1)F
)p}
, (1)
where R is the Ricci scalar, Φ is the dilaton field,V (Φ)
is a potential for Φ, and p and α are two constants de-
termining the nonlinearity of the electromagnetic field
and the strength of coupling of the scalar and elec-
tromagnetic field, respectively. F = FληF
λη, where
Fµν = ∂µAν − ∂νAµ is the electromagnetic field tensor
and Aµ is the electromagnetic potential. The equations
of motion can be obtained by varying the action (1) with
respect to the gravitational field gµν , the dilaton field Φ
and the gauge field Aµ which yields the following field
equations
Rµν = gµν
{
1
n− 1V (Φ) +
(2p− 1)
n− 1
(
−Fe−4αΦ/(n−1)
)p}
+
4
n− 1∂µΦ∂νΦ+ 2pe
−4αpΦ/(n−1)(−F )p−1FµλF λν , (2)
∇2Φ− n− 1
8
∂V
∂Φ
− pα
2
e−4αpΦ/(n−1)(−F )p = 0, (3)
∂µ
(√−ge−4αpΦ/(n−1)(−F )p−1Fµν) = 0. (4)
We like to find the static topological solutions of the
above field equations. The most general form of such
a metric can be written as
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2R2(r)hijdx
idxj , (5)
where f(r) and R(r) are functions of r which should be
determined, and hij is a function of coordinates x
i which
spanned an (n − 1)-dimensional hypersurface with con-
stant scalar curvature (n − 1)(n − 2)k. Here k is a con-
stant and characterizes the hypersurface. Without loss
of generality, one can take k = 0, 1,−1, such that the
black hole horizon in (5) can be a zero (flat), positive
(spherical) or negative (hyperbolic) constant curvature
hypersurface. The Maxwell equation (4) can be inte-
grated immediately to give
Ftr =
qe
4αpΦ(r)
(n−1)(2 p−1)
(rR)
n−1
2 p−1
, (6)
where q is an integration constant related to the electric
charge of the black hole. Substituting (5) and (6) in the
field equations (2) and (3), we arrive at
f ′′ +
(n− 1) f ′
r
+
(n− 1) f ′R′
R
+
2V
n− 1
−2[1 + (n− 3)]p
n− 1
(
2 q2 (rR)−
2(n−1)
2 p−1 e
4αΦ
(n−1)(2 p−1)
)p
= 0,
(7)
f ′′ +
(n− 1) f ′
r
+
(n− 1) f ′R′
R
+
2V
n− 1
+
4 (n− 1) fR′
rR
+
2 (n− 1) fR′′
R
+
8fΦ′2
n− 1
−2[1 + (n− 3) p]
n− 1
(
2 q2 (rR)
−
2(n−1)
2 p−1 e
4αΦ
(n−1)(2 p−1)
)p
= 0,
(8)
f ′
r
+
f ′R′
R
+
(n− 2) f
r2
+
2 (n− 1) fR′
rR
+
(n− 2)R′2f
R2
+
fR′′
R
− k (n− 2)
(rR)
2 +
V
n− 1
+
2 p− 1
n− 1
(
2 q2 (rR)
−
2(n−1)
2 p−1 e
4αΦ
(n−1)(2 p−1)
)p
= 0, (9)
3fΦ′′ +Φ′f ′ +
(n− 1) fΦ′
r
+
(n− 1) fΦ′R′
R
− n− 1
8
dV
dΦ
− pα
2
(
2 q2 (rR)
−
2(n−1)
2 p−1 e
4αΦ
(n−1)(2 p−1)
)p
= 0, (10)
where the prime denotes derivative with respect to r.
Our aim here is to construct exact, (n + 1)-dimensional
topological solutions of the above field equations with
an arbitrary dilaton coupling parameter α. Calculations
show that there exist exact topological solutions of physi-
cally interest provided we take the dilaton potential with
three Liouville-type potentials as
V (Φ) = 2Λ1e
2ζ1 Φ + 2Λ2e
2ζ2 Φ + 2Λe2ζ3 Φ, (11)
where Λ1, Λ2, Λ, ζ1, ζ2 and ζ3 are constants. It is im-
portant to note that in case of topological black holes
of EMd theory, one only needs to take two terms in the
Liouville potential [10], while here we find that for power-
law Maxwell source in dilaton gravity we need to add an
additional term to the potential and consider Liouville-
type dilaton potential with three terms.
In order to solve the system of equations (7)-(10) for
three unknown functions f(r), R(r) and Φ(r), we make
the ansatz
R(r) = e2αΦ(r)/(n−1). (12)
Subtracting (7) from (8), after using (12), we find
Φ′′ +
2(α2 + 1)Φ′2
α(n− 1) +
2Φ′
r
= 0, (13)
which has the following solution
Φ(r) =
(n− 1)α
2 (α2 + 1)
ln
(
b
r
)
. (14)
Substituting (12) and (14) in Eqs. (8)-(10), one can eas-
ily show that these equation have a unique consistent
solution of the form
f(r) =
k (n− 2) (1 + α2)2r2γ
(1− α2) (α2 + n− 2) b2γ −
m
r(n−1)(1−γ)−1
+
2pp(1 + α2)2 (2p− 1)2 b− 2(n−2)pγ(2 p−1) q2 p
Π(n+ α2 − 2 p) r− 2[ (n−3)p+1]−2p(n−2)γ2p−1
−2Λb
2γ(1 + α2)2r2(1−γ)
(n− 1) (n− α2) , (15)
where b is an arbitrary non-zero positive constant, γ =
α2/(α2 +1), Π = α2 +
(
n− 1− α2) p, and the constants
should be fixed as
ζ1 =
2
(n− 1)α, ζ2 =
2p
(
n− 1 + α2)
(n− 1) (2 p− 1)α,
ζ3 =
2α
n− 1 , Λ1 =
k (n− 1) (n− 2)α2
2b2 (α2 − 1) ,
Λ2 =
2p−1 (2 p− 1) (p− 1)α2 q2 p
Πb
2(n−1)p
2 p−1
. (16)
It is worth noting that in the linear Maxwell case where
p = 1, we have Λ2 = 0 and hence the potential has
two terms. Indeed, the term 2Λ2e
2ζ2 Φ in the Liouville
potential is necessary in order to have solution (15) for
the field equations of power-law Maxwell field in dilaton
gravity. Note that Λ remains as a free parameter which
plays the role of the cosmological constant and we assume
to be negative and take it in the standard form Λ =
−n(n − 1)/2l2. The parameter m in Eq. (15) is the
integration constant which is known as the geometrical
mass and can be written in term of horizon radius as
m(r+) =
k (n− 2) b−2γr
α
2+n−2
α2+1
+
(2γ − 1)(γ − 1) (α2 + n− 2)
+
2pp (2p− 1)2 b−2 (n−2)γp(2 p−1) q2 pr
−
α
2
−2 p+n
(2 p−1)(α2+1)
+
(γ − 1)2 (α2 − 2p+ n)Π
+
b2γ nr
−
α
2
−n
α2+1
+
l2(γ − 1)2 (n− α2) , (17)
where r+ is the positive real root of f(r+) = 0. In the
limiting case where p = 1, solution (15) reduces to the
topological dilaton black holes of EMd gravity presented
in Ref. [10]. One may note that in the absence of a non-
trivial dilaton (α = γ = 0) for a linear Maxwell theory
(p = 1), solution (15) reduces to
f(r) = k − m
rn−2
+
2q2
(n− 1)(n− 2)r2(n−2) −
2Λ
n(n− 1)r
2,
(18)
which describes an (n + 1)-dimensional asymptotically
AdS topological black hole with a positive, zero or neg-
ative constant curvature hypersurface (see for example
[13, 14]). One can easily show that the gauge potential
At corresponding to the electromagnetic field (6) can be
written as
At =
qb
(2 p+1−n)γ
(2 p−1)
ΥrΥ
, (19)
where Υ = (n− 2p+ α2)/[(2p− 1)(1 + α2)]. Let us dis-
cuss the range of parameters p and α for which our ob-
tained solutions have reasonable behavior and physically
are more interesting for us. There are two restrictions on
p and α. The first one is due to the fact that the electric
potential At should have a finite value at infinity. This
leads to Υ > 0:
n− 2p+α2
(2p− 1)(1+α2) > 0. (20)
The above equation leads to the following restriction
on the range of p
1
2
< p <
n+ α2
2
. (21)
The second restriction comes from the fact that the term
including m in spacial infinity should vanish. This fact
4leads to the following restriction on α
α2 < n− 2. (22)
Thus, one can summarize (21) and (22) as follows:
For
1
2
< p <
n
2
, 0 ≤ α2 < n− 2, (23)
For
n
2
< p < n− 1, 2p− n < α2 < n− 2. (24)
It is worth mentioning that in the above ranges the dila-
ton potential V (Φ) has a lower finite limit in the range
1/2 < p < 1, where Λ2 < 0 and therefore the system is
stable. Also one can easily see that in the above ranges,
as in the special cases of p = 1 or α = 0, the term includ-
ing q in f(r) vanishes at spacial infinity as one expects.
Also, one may note that in the allowed ranges of p and
α, Π is always positive and therefore the q term in f(r)
is always positive.
Next, we study the physical properties of the solutions.
First, we investigate the asymptotic behavior of the so-
lutions. For α < 1, the first term in f(r) is dominant at
infinity. Thus, in order to have a positive value for f(r)
at infinity, Λ < 0. On the other hand for α > 1, the
second term in the metric function is dominant at large
r and therefore k should be equal to −1 or zero. It is no-
table to mention that these solutions do not exist for the
string case where α = 1 in the k = ±1 cases. Also, it is
worth mentioning that the solution is well-defined in the
allowed ranges of α and p. Next, we look for the curva-
ture singularities. The Kretschmann scalar RµνλκR
µνλκ
diverges at r = 0, it is finite for r 6= 0 and goes to zero
as r →∞. Thus, there is an essential singularity located
at r = 0.
As we mentioned, the charge term is positive every
where and since the dominant term is the charge term as
r goes to zero, the singularity is timelike as in the case
of Reissner-Nordstrom black holes. Thus, one cannot
have a Schwarzschild-type black hole solution with one
event horizon. In order to consider the type of singularity
whether it is naked or not, we calculate the Hawking
temperature of the topological black holes. The Hawking
temperature can be written as
T+ =
f ′(r+)
4π
=
(1 + α2)
4π
{
k (n− 2)
b2γ(1− α2)r1−2γ+
−Λb
2γr1−2γ+
n− 1 −
2pp (2p− 1) b −2(n−2)γp(2 p−1) q2 p
Πr
2p(n−2)(1−γ)+1
2p−1
+

 .
Extreme black holes occurs when r+ or q are chosen such
that T+ = 0. Using (25), one can find that
q2pext =
b
2p(n−2)γ
(2 p−1) Π
p (2 p− 1) 2p r
2p(n(1−γ)−1)+2γ
2p−1
ext
×
[
nb2γ
l2
+
k (n− 2)
(1− α2) b2γ r
4γ−2
ext
]
, (25)
r
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FIG. 1: The function f(r) versus r for n = 4, α = 0.5, p = 2,
l = b = 1 and k = 0.
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FIG. 2: The function f(r) versus r for n = 4, α = 0.5, p = 2,
l = b = 1, k = 1 and rext = 1.
which for the case of α = 0, reduces to
(
q2pext
)
α=0
=
p (n− 1) r
2(n−1)p
2p−1
ext
2pp (2 p− 1)
(
n
l2
+
k (n− 2)
r2ext
)
.
Thus, our solutions present black holes with inner and
outer horizons located at r− and r+ provided q < qext,
an extreme black hole if q = qext and a naked singularity
provided q > qext (see figs. 6-8).
III. THERMODYNAMICS OF TOPOLOGICAL
BLACK HOLES
Since discussions on the black holes thermodynamics
depend on the mass of the solutions, we first calculate
the mass of the dilaton black holes using the modified
subtraction method of Brown and York (BY) [41]. In
5r
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)
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FIG. 3: The function f(r) versus r for n = 4, α = 0.5, p = 2,
l = b = 1, k = −1 and rext = 1.
order to use the modified BY method [42], the metric
should be written in the form
ds2 = −X(R)dt2 + dR
2
Y (R) +R
2dΩ2. (26)
To do this, we perform the following transformation [43]
R = rR(r).
It is a matter of calculations to show that the metric (5)
may be written as (26) with the following X and Y :
X(R) = f(r(R)),
Y (R) = f(r(R))
(
dR
dr
)2
=
(
b
r
)2γ
(1− γ)2 f(r(R)).
The background metric is chosen to be the metric (26)
with
X0(R) = f0(r(R)) =
k (n− 2) r2γ
(1− 2γ)(1− γ) (α2 + n− 2) b2γ
+
2Λb2γr2(1−γ)
(n− 1) (1 − γ)2 (α2 − n) , (27)
Y0(R) = k (1− γ) (n− 2)
(1− 2γ) (α2 + n− 2) +
2Λb4γr2(1−2γ)
(n− 1) (α2 − n) . (28)
To compute the conserved mass of the spacetime, we
choose a timelike Killing vector field ξ on the bound-
ary surface B of the spacetime (26). Then, the quasilocal
conserved mass can be written as
M =
1
8π
∫
B
d2ϕ
√
σ {(Kab −Khab)
− (K0ab −K0h0ab)}naξb, (29)
where σ is the determinant of the metric of the bound-
ary B, K0ab is the extrinsic curvature of the background
metric and na is the timelike unit normal vector to the
boundary B. Thus, using the above modified BY for-
malism, and denoting the volume of constant curvature
hypersurface hijdx
idxj by ωn−1, one can calculate the
mass of the black hole per unit volume ωn−1 as
M =
b(n−1)γ(n− 1)
16π(α2 + 1)
m. (30)
In the following we are going to explore thermodynamics
of the topological dilaton black hole we have just found.
The entropy of the topological black hole typically sat-
isfies the so called area law of the entropy which states
that the entropy of the black hole is a quarter of the
event horizon area [44]. This near universal law applies
to almost all kinds of black holes, including dilaton black
holes, in Einstein gravity [45]. It is a matter of calcu-
lation to show that the entropy of the topological black
hole per unit volume ωn−1 is
S =
b(n−1)γr
(n−1)(1−γ)
+
4
. (31)
Using (4), the electric charge can be calculated through
the Gauss law
Q =
1
4π
∫
e−
4αpΦ(r)
n−1 (rR)n−1(−F )p−1FµνnµuνdΩ, (32)
where nµ and uν are the unit spacelike and timelike nor-
mals to a sphere of radius r given as
nµ =
1√−gtt dt =
1√
f(r)
dt, uν =
1√
grr
dr =
√
f(r)dr.
Using (32), we obtain
Q =
q˜
4π
, (33)
as the charge per unit volume ωn−1, where
q˜ = 2p−1q2 p−1 .
One may note that q˜ = q for p = 1. The electric potential
U , measured at infinity with respect to the horizon, is
defined by
U = Aµχ
µ |r→∞ −Aµχµ|r=r+ , (34)
where χ = C∂t is the null generator of the horizon.
Therefore, using (19) the electric potential may be ob-
tained as
U =
Cqb
(2 p−n+1)γ
(2 p−1)
ΥrΥ+
. (35)
6Now, we are in the position to explore the first law of
thermodynamics for the topological dilaton black holes.
In order to do this, we obtain the mass M as a function
of extensive quantities S, and Q. Using the expression
for the charge, the mass and the entropy given in Eqs.
(30), (31), (33), and the fact that f(r+) = 0, one can
obtain a Smarr-type formula as
M(S,Q) =
(
1 + α2
)−b
α2Λ(4S)
n−α
2
n−1
8π (n− α2)
+
k (n− 1) (n− 2) (4S)α
2+n−2
n−1
16πbα
2
(α2 + n− 2) (1− α2)
+
(2p− 1)2 p(n− 1)
2Π (α2 − 2p+ n)
(
πbα
2
2p−3
) 1
2p−1
×Q 2 p2 p−1 (4S)− α
2
−2p+n
(2p−1)(n−1)
}
. (36)
One may then regard the parameters S, and Q as a com-
plete set of extensive parameters for the mass M(S,Q)
and define the intensive parameters conjugate to S and
Q. These quantities are the temperature and the electric
potential
T =
(
∂M
∂S
)
Q
, U =
(
∂M
∂Q
)
S
, (37)
provided C is chosen as C = (n− 1) p2/Π. It is notable
to mention that C = 1 in the case of linear Maxwell field
[10]. Calculations show that the intensive quantities cal-
culated by Eq. (37) coincide with Eqs. (25) and (35)
as the temperature and electric potential. Thus, these
thermodynamics quantities satisfy the first law of ther-
modynamics
dM = TdS + UdQ. (38)
IV. STABILITY IN THE CANONICAL AND
GRAND-CANONICAL ENSEMBLE
Finally, we study thermal stability of the topological
dilaton black holes. The stability of a thermodynamic
system with respect to small variations of the thermody-
namic coordinates is usually performed by analyzing the
behavior of the entropy S(M,Q) or its Legendre transfor-
mation M(S,Q) around the equilibrium. The local sta-
bility in any ensemble requires that the energy M(S,Q)
be a convex function of its extensive variable [46, 47].
The number of thermodynamic variables depends on the
ensemble that is used. In the canonical ensemble, the
charge is a fixed parameter and therefore the positivity
of the heat capacity Cv = T/(∂
2M/∂S2)Q is sufficient to
ensure the local stability. Hence, in the ranges where T
is positive, the positivity of (∂2M/∂S2)Q guarantees the
r+
0.5 1 1.5
-1
-0.5
0
0.5
1
FIG. 4: The behavior of T (solid curve), (∂2M/∂S2)Q (dashed
curve) and 10−2HMS,Q (dashdot curve) versus r+ for k = 0
with l = b = 1, q = 0.4, α = 1.28, n = 4 and p = 2.
α
1.01 1.02 1.03 1.04
-0.01
-0.005
0
0.005
0.01
FIG. 5: The behavior of 10−2T (solid curve), (∂2M/∂S2)Q
(dashed curve) and 10−1HMS,Q (dashdot curve) versus α for
k = 0 with l = b = 1, q = 0.45, r+ = 2, n = 4 and p = 2.
local stability of the solutions. For the spacetime under
consideration we find,
(
∂2M
∂S2
)
Q
=
1 + α2
π(n− 1) ×{
−k (n− 2)
b(n+1)γ
1
rδ+
+
n(1− α2)
l2b(n−3)γ
1
rϑ+
+
2pp(2p(n− 2) + 1 + α2)q2 p
b
γ[2(2n−3)p−n+1]
2p−1 Π
1
rη+
}
, (39)
where δ = (n − α2)/(1 + α2), η = [α2 + 2p(2n − 3) −
n+ 2]/[(2p− 1)(1 + α2)] and ϑ = (α2 + n− 2)/(1 + α2).
In grand-canonical ensemble Q is no longer fixed. In our
case, the mass is a function of entropy and charge and
therefore the system is locally stable provided HMSQ =
7p
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FIG. 6: The behavior of T (solid curve), (∂2M/∂S2)Q (dashed
curve) and 10−1HMS,Q (dashdot curve) versus p for k = 0 with
l = b = 1, q = 0.8, r+ = 1.1, α = 1.25 and n = 4.
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FIG. 7: The behavior of 10−1T (solid curve), (∂2M/∂S2)Q
(dashed curve) and 10−2HMS,Q (dashdot curve) versus r+ for
k = 1 with l = b = 1, q = 0.4, α = 0.8, n = 4 and p = 2.
[
∂2M/∂S∂Q
]
> 0, where the determinant of Hessian
matrix can be calculated as
H
M
S,Q =
2
−2p2+13p−9
2p−1
(
α2 + 1
)2
p2b
α
2
2p−1
(α2 − 2p+ n)Πq2p−2
×
[
16(2p− 1)p(2p− 1− α2)q2p
Π
×
(
22p
2
−3p−4bα
2
) 1
2p−1
(bγr
(1−γ)
+ )
−
2(α2+2p(n−2)+1)
(2p−1)
−k (n− 2)
bα2
(bγr
(1−γ)
+ )
−
α
2
−2p+n+(2p−1)(n−α2)
(2p−1)
+
nbα
2
l2
(1− α2)(bγr(1−γ)+ )−
2(p(α2+n−3)+1)
(2p−1)
]
. (40)
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FIG. 8: The behavior of 10−1T (solid curve), (∂2M/∂S2)Q
(dashed curve) and 10−1HMS,Q (dashdot curve) versus α for
k = 1 with l = b = 1, q = 0.45, r+ = 2, n = 4 and p = 2.
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FIG. 9: The behavior of 10−1T (solid curve), (∂2M/∂S2)Q
(dashed curve) and 10−1HMS,Q (dashdot curve) versus p for
k = 1 with l = b = 1, q = 0.8, r+ = 1.1, α = 0.9 and n = 4.
Here, we discuss the stability of the black hole solutions
for different values of k separately.
(i) k = 0: In this case, one can see that (39) is al-
ways positive for α ≤ 1, and therefore the black holes
with k = 0 and α ≤ 1 are thermally stable in the
canonical ensemble. However, there may exist unstable
black holes in the grand-canonical ensemble for the range
2p − 1 < α2 ≤ 1. Of course, one should note that the
black holes in both the canonical and grand-canonical
ensembles only exist provided q < qext. For α > 1, only
small black holes with event horizon radius less than rmax+
is stable, where the value of rmax+ is smaller in grand-
canonical ensemble as one may see in Fig. 4. Figure 5
shows the effects of α on the stability of the solutions in
both canonical and grand canonical ensembles. As one
increases the coupling constant α, there is an αmax that
for α < αmax, black holes are stable. The value of αmax
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FIG. 10: The behavior of 10−1T (solid curve), (∂2M/∂S2)Q
(dashed curve) and 10−2HMS,Q (dashdot curve) versus r+ for
k = −1 with l = b = 1, q = 0.4, α = 1.28, n = 4 and p = 2.
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FIG. 11: The behavior of 10−1T (solid curve), (∂2M/∂S2)Q
(dashed curve) and 10−1HMS,Q (dashdot curve) versus α for
k = −1 with l = b = 1, q = 0.45, r+ = 2, n = 4 and p = 2.
depends on the ensemble and it is larger in the canon-
ical one. Figure 6 shows the effects of 1/2 < p < n/2
on the stability of the solutions. This figure shows that
there is a pmin that for p > pmin, black holes are sta-
ble. Again pmin is ensemble dependent and it is larger in
grand-canonical ensemble. For n/2 < p < n− 1 where α
has a p-dependent lower limit, numerical analysis shows
that there exists a minimum value pmin for which black
holes are stable provided p > pmin.
(ii) k = 1: In this case from figure 7 we see that the
Hawking-Page phase transition occurs between small and
large black holes. Choosing q < (qext)α=0, then one en-
sure that T > 0 for the allowed region α < 1. Again,
there is a maximum value for α such that black holes are
stable for α < αmax (See Fig. 8). The effects of p in
the range 1/2 < p < n/2 on the stability both in canon-
ical and grand canonical ensembles are shown in Fig. 9.
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FIG. 12: The behavior of 10−1T (solid curve), (∂2M/∂S2)Q
(dashed curve) and 10−1HMS,Q (dashdot curve) versus p for
k = −1 with l = b = 1, q = 0.8, r+ = 1.1, α = 1.25, n = 4.
One can see that for p > pmin, these solutions represent
stable black holes. Numerical calculations show that for
n/2 < p < n− 1 where α has a p-dependent lower limit,
there is also a minimum value pmin that for values greater
than pmin, the black holes are stable.
(iii) k = −1: As in the case of k = 0, the stability
of black holes in both canonical and grand-canonical en-
sembles should be investigated separately for α < 1 and
α > 1 cases. As one can see from Eq. (39),
(
∂2M/∂S2
)
Q
is positive for α < 1. Therefore, for q < qext, which
black holes exist, they are stable. However, in the grand-
canonical ensemble, black holes may be unstable in the
range 2p − 1 < α2 ≤ 1. For α > 1, as one can see in
Fig. (11), the black hole solutions are stable provided
α < αmax. Of course, the value of αmax depends on
the ensemble. Figure (10) shows a Hawking-Page phase
transition between small and large black holes.
In order to investigate the effect of p on the stabil-
ity of the solutions, we plot both (∂2M/∂S2)Q and the
determinant of Hessian matrix versus p in the range
1/2 < p < n/2. This is plotted in Fig. (12), which shows
that the black hole solutions are stable provided p > pmin.
Numerical calculations also show that for n/2 < p < n−1
where α has a p-dependent lower limit, black holes are
stable.
V. DYNAMICAL STABILITY OF
4-DIMENSIONAL BLACK HOLE SOLUTIONS
Besides thermal stability, it is worthwhile to study
the dynamical stability of solutions under perturbations.
Since study of dynamical stability for higher-dimensional
topological solutions are difficult in general, we study the
case of 4-dimensional black holes. Regge and Wheeler
showed that in 4-dimensional static and spherically sym-
metric background, perturbations can be decomposed
9into odd-and even-parity sectors according to their trans-
formation properties under a two-dimensional rotation
[48]. Perturbations also can be decomposed into sum of
spherical harmonics Y ℓm. In the Regge-Wheeler formal-
ism, stability is investigated by studying the behaviour
of perturbation modes.
Using pointed out formalism, it is shown that in the
framework of scalar-tensor gravity models with general
form of the action as[49]
S =
∫
d4x
√−g [G(Φ, Z)R +K(Φ, Z)
+GZ
[
(Φ)2 − (∇µ∇νΦ)2
]]
, (41)
where G and K are arbitrary functions of Φ and Z =
−(∇Φ)2/2 and GZ = ∂G/∂Z, there are dynamically sta-
ble solutions under odd-type perturbations provided
F := 2G > 0, G := 2G− 4ZGZ > 0, (42)
when the single mode propagets radially with the squared
speed of c2r = G/F . In the case of uncharged solutions,
(41) is match with our action (1) provided G = 1 and
K = Z − V (Φ). It is obvious from (42) that in this case
our solutions are dynamically stable. Under even-type
perturbations, there is again a single mode in our case
that propagates with the same radial speed as odd-type
perturbations [50]. In this case we have stable solutions
provided ℓ ≥ 2.
Dynamical stability of non-linear electrodynamics
(NED) sources in general relativity is studied in [51]. In
the case of a NED Lagrangian L(Fˆ ) where Fˆ = 1/4F ,
the corresponding Hamiltonian can be defined as H ≡
2LFˆ Fˆ −L. It is also convenient to study the stability us-
ing so-called P frame where P = L2
Fˆ
Fˆ . For odd-type per-
turbations, there are stable solutions provided HP van-
ishes no where outside the horizon while for even-type
ones, we encounter instability provided Hxx > 0 where
x =
√
−2Q2 P . In our case with α = 0, one can calculate
HP = 1
p
(−4P
p2
) 1−p
2p−1
, (43)
where P = −p2 (2F 2tr)2p−1 /4. ObviouslyHP vanishes no
where outside the horizon and therefore under odd-type
perturbations we have stable solutions. Since
Hxx = xHP
Q4
[
1 +
√
2Q2 (p− 1)
2p− 1 (−P )
3/2
]
, (44)
one encounters dynamically unstable solutions for p ≥ 1.
VI. SUMMARY AND CONCLUSIONS
To sum up, we generalized the investigations on the
power-law Maxwell field to dilaton gravity. We first pro-
posed the suitable Lagrangian in the Einstein-dilaton
gravity in the present of power-law Maxwell Lagrangian
which is coupled to the dilaton field as [− exp(−4αΦ/(n−
1))FµνF
µν ]p. Then, we constructed a new class of (n+1)-
dimensional (n ≥ 3) topological black hole solutions of
this theory in the presence of Liouville-type potentials
for the dilaton field. In contrast to the topological black
holes of EMd gravity [10] which exits for the Liouville-
type potentials with two terms, here we found that the
solutions exist provided we assumes three Liouville-type
potentials for the dilaton field. In the limiting case where
p = 1 one of the Liouville potential vanishes. Due to the
presence of the dilton field, the obtained solutions are
neither asymptotically flat nor (A)dS. Besides, for the
cases of k = ±1 the solutions do not exist for the string
case where α = 1. When p = 1, all results of toplogical
black holes of EMd gravity are recovered [10].
The facts that (i) the gauge potential of electromag-
netic field At is finite, (ii) the dilaton potential V (Φ) has
finite lower limit, and (iii) the terms contain mass and
charge in the metric function (15) should be disappeared
in the spacial infinity, imply that the parameters p and
α should be restricted as follows. For 1/2 < p < n/2,
we should have α2 < n − 2, while for n/2 < p < n − 1,
we should have 2p − n < α2 < n − 2. Requiring the
fact that our solutions should be positive in the spacial
infinity, leads to another restriction on α in the case of
k = 1, namely α < 1. Our solutions are well-defined in
the permitted ranges of p and α, while in the case of linear
Maxwell field the solutions are ill-defied for α =
√
n. We
showed that our solution can not represent black holes
with single event horizon. However, they can represent
black holes with two horizon, extreme black holes and
naked singularity depending on the model parameters.
We also calculated the charge, mass, temperature, en-
tropy and electric potential of the topological dilaton
black holes and found that the first law of thermody-
namics is satisfied on the black hole horizon. By cal-
culating the Smarr-type formula, M(S,Q), we analyzed
thermal stability of the solutions in both canonical and
grand-canonical ensembles. We showed that for α < 1,
there are stable black holes in the cases of k = 0,−1 pro-
vided q < qext in canonical ensemble whereas in grand-
canonical ensemble black holes may be unstable in the
range of 2p − 1 < α2 ≤ 1. In the cases of (i) k = 0,−1,
and α > 1 and (ii) k = 1 and α < 1, there is a maximum
value for the dilaton coupling constant αmax for which
the obtained solutions are thermally unstable provided
α > αmax. For k = −1, α > 1 and k = 1, α < 1, there is
a Hawking-Page phase transition between small and large
black holes, while for k = 0, α > 1, large black holes are
unstable. This fact can be understood from figs. 4, 7 and
10. We also found that there is a pmin for which we have
stable black holes provided p > pmin. Finally, we dis-
cussed the dynamical stability of the obtained solutions
in the absence and presence of the non-linear electromag-
netic source, separately.
Note that the (n + 1)-dimensional charged topologi-
cal dilaton black holes obtained here are static. Thus, it
10
would be interesting if one could construct charged ro-
tating black holes/branes in (n + 1) dimensions in the
presence of dilaton and power-law Maxwell field. These
issues are now under investigation and the results will be
appeared elsewhere.
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